BERNSTEIN-SATO POLYNOMIALS OF HYPERPLANE 

ARRANGEMENTS 



MORIHIKO SAITO 

Abstract. We calculate the Bernstein-Sato polynomial (i.e. fe-function) of a 
hyperplane arrangement with a reduced equation by using a generalization of 
Malgrange's formula together with a solution of Aomoto's conjecture due to 
Esnault, Schechtman, Viehweg. We show that the roots are greater than —2 and 
the multiplicity of —1 coincides with the (effective) dimension. We also get an 
estimate of the multiplicities of the roots in terms of the multiplicities of the 
arrangement at the dense edges, and give a method to calculate the 6-function at 
least in the case of three variables with generic multiplicity at most 3 and with 
degree at most 7. 



Introduction 

Let D be a hypersurface of a smooth affine algebraic variety X with a defining 
equation /. The Bernstein-Sato polynomial (i.e. 6-function) 6/(s) is the monic 
polynomial of the lowest degree satisfying 

b f (s)f s = Pf s+1 with PeV x [s]. 

Let Rf be the set of the roots of bf(—s), and m a the multiplicity of a G Rf. 
Set aif — mini? f. This coincides with the minimal jumping coefficient, see [17], 
[21]. Let n = dimX. Then Rf C Q>o (see [19]), and m a < n because bf(s) is 
closely related to the monodromy on the nearby cycle sheaf ipfCx, see [20], [24]. 
Define Rf,m a ,af by replacing bf(s) with the reduced (or microlocal) 6-function 
bf(s) := bf(s)/(s + 1). Then we have more precisely (see [29]): 

(0.1) Rf C [a/, n — a/], fh a < n — a.f — a + 1. 

The first inclusion is optimal in the weighted-homogeneous isolated singularity case 
where maxi?j = n — atf and rh a < 1 by Kashiwara. More generally, if D has only 
an isolated singularity at 0, it is shown by Malgrange [23] that bf(s) coincides 
with the minimal polynomial of — d t t on Hf Q /tHf where H'j is the saturation 
of the Brieskorn lattice H'j of / at (see [4]). In the nonisolated singularity 
case, however, it is very hard to calculate explicitly the 6-function without using 
computer programs. 

Assume now D is a central hyperplane arrangement in X = C™, i.e. the affine 
cone of a projective hyperplane arrangement Z in Y = P n_1 . We may assume 



Date: Oct. 17, 2006, v.5. 



1 



2 



MORIHIKO SAITO 



that D is not the pull-back of an arrangement in a vector space of strictly lower 
dimension. Let d = deg /. Then 

Theorem 1. m&xRf < 2 — h, mi = n. 

This is quite different from (0.1) in the case of weighted-homogeneous isolated 
singularities explained above. Theorem 1 implies that 1 is the only integral root of 
bf(—s) for hyperplane arrangements as shown in [34]. For the proof of Theorem 1, 
we use generalizations of the above formula of Malgrange [23] (see (1.4) below) and 
a theorem of Esnault, Schechtman and Viehweg [18] on the calculation of certain 
twisted de Rham cohomology groups, see (2.2) below. Note that the latter enables 
us to reduce a problem of linear algebra for infinite dimensional vector spaces to 
the one for finite dimensional vector spaces, see Remark (1.3). 

As for the minimal jumping coefficient, we have by Mustafa [25] 



where a'j = min IJz^o Rf,x with Rf tX the set of the roots of the local 6-function 
bf, x ( s ) °f / a t x i see a l so (1-8) below. 

To describe the nonintegral roots of the 6-function, we need some terminology 
from [31]. We say that an edge L of D (i.e. an intersection of irreducible compo- 
nents of D) is dense if the irreducible components Di containing L are identified 
with an indecomposable arrangement, see [31] for details. Let DE(D) be the set 
of dense edges of D. Let uil be the number of Di containing L. For A G C, let 
V£(D, A) be the subset of V£{D) consisting of L such that \ mL = 1. We say that 
L, V G VS(D, A) are strongly adjacent if L C V or L D V or L fl V is nondense. 
Let m(A) be the maximal number of the elements of subsets S of VS(D, A) such 
that any two elements of S are strongly adjacent. Using an embedded resolution 
of singularities in [31] together with [20], [24], we get 

Theorem 2. We have m a < m(A) with A = exp(— 27rio;). In particular, Rf C 
\J LeT >£(D) ^ m L 1 ' an d we have m a = 1 for any a G Rf \ Z if GCD(m^, m L i) = 1 for 
any dense edges L, L' of D such that L C V or L fl V is nondense. 

If / is generic (i.e. if Z is a divisor with normal crossings) and d > n, then 
U. Walther [34] proved (except for the multiplicity of —1): 



Note that Theorems 1-2 and (0.2) imply that bf(s) is a divisor of the right-hand 
side since the dense edges in this case consist of the irreducible components Di 
and the origin where = 1 and m = d. We can prove the equality using a 
calculation of the spectrum as in [30], see also (4.10) below. We also calculate some 
examples in the nongeneric case, see (4.10), (4.12). It seems quite difficult to find a 
combinatorial formula for the b- function of a nongeneric hyperplane arrangement, 
see (4.11) for the case of three variables with generic multiplicity at most 3 and 
with degree at most 7. 

I would like to thank Budur, Dimca, and Mustafa for useful discussions and 
comments about the subject of this paper. 



(0.2) 



a.j — mm 




(0.3) 



b f (s) = ( s + iT-'nlt 2 ( s + t). 



BERNSTEIN-SATO POLYNOMIALS OF HYPERPLANE ARRANGEMENTS 3 

In Section 1 we review basic facts from the theory of multiplier ideals, 6-function 
and spectrum, see [30]. In Section 2 we review and partially generalize the theory 
of Esnault, Schechtman and Viehweg on Aomoto's conjecture. In Section 3 we 
prove the main theorems, and calculate the nearby cycle sheaf in certain cases. In 
Section 4 we show how to calculate the 6-function in certain cases including the 
generic case. 

1. Preliminaries 

1.1. Bernstein-Sato polynomials. Let X be a complex manifold, and D be a 
hypersurface defined by a holomorphic function /. We have a canonical injection 
of Dj[s] -modules 

M:=V x [s]f cB f :=O x ® C C[dt], 
such that f s is sent to 1(8)1, where s = —d t t, see [19], [23]. Note that £>/ is the 
direct image of Ox by the graph embedding jj : X x C as a P-module, and 
the action of T>xxc on £>/ is defined by identifying 1<8>1 with the delta function 
S(t-f). 

The b- function (i.e. Bernstein-Sato polynomial) bf(s) is the minimal polynomial 
of the action of s on M/tM. Since M/tM is holonomic, the 6-function exists if X 
is (relatively) compact or X, f are algebraic. This implies also that the 6-function 
of an algebraic function coincides with the 6-function of the associated analytic 
function. Restricting to the stalk at x G D, we can also define the local 6-function 
bf jX (s). Note that the global 6-function is the least common multiple of the local 
6-functions if X is afline or Stein. In the case D is an afline cone, the global 
6-function coincides with the local 6-function at 0. 

By Kashiwara [20] and Malgrange [24], Bf has the filtration V together with a 
canonical isomorphism of perverse sheaves 

(1.1.1) DR x (GryBf) = i) f ,xC x [n - 1] for a > 0, A = exp(-27ria), 

such that exp(— 2md t t) on the left-hand side corresponds to the monodromy T on 
the right-hand side. Here DRx denotes the de Rham functor inducing an equiv- 
alence of categories between regular holonomic P-modules and perverse sheaves, 
and ipf,\Cx = Ker(T s — A) C ipf<Cx in the abelian category of shifted perverse 
sheaves [3], where ipfCx is the nearby cycle sheaf [12], and T s is the semisimple 
part of the monodromy. 

Let G be the increasing filtration on GiyBf (a G (0, 1]) defined by 

(1.1.2) t l {GiGr v B f ) = Gr v +i M C Gr v +i B f for % G N, 
where GiGr^Bf = for % < (because M C V >0 B f by [19]). Then 

f : GrfGryBf Gr v +i (M/tM) for % G N, 

and we get 

(1.1.3) m a+i = min{A; G N | N k Grf Gr v B f = 0} for a G (0, 1], i G N, 
where N — d t t — a. In particular, m a < n for any a. 
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1.2. Hodge and pole order nitrations. Let X, D, f be as above, and F x denote 
the Milnor fiber of / at x e D, i.e. 

F x = {z E X | \z - x\ < e, f(z) = 6} for < S < e < 1, 

where \z — x\ is defined by choosing a local coordinate system of X. Then the 
Milnor cohomology H j (F x ,C) has a canonical mixed Hodge structure, see [26]. 
This can be defined also by using [28] because we have a canonical isomorphism 

R j i x ii f C x = Hi(F x ,C), 

where i x : {x} — > X is the natural inclusion. Let T s denote the semisimple part of 
the monodromy T. We have the decompositions 

^/Cx = a ^/,aCx, &(F x ,C) = @ x H*(F x ,C)x, 

such that the action of T s on ipf t \Cx, H j (F x , C) A is the multiplication by A e C*. 

Let denote the Gauss-Manin system of the highest degree associated with / 
at x e -D. Let ^j- " 1 be the Brieskorn lattice [4], i.e. 

£f = ^/Torsion with //^ = n x J{df A d^ 2 ). 

Note that (// is the localization of by the action of 9 t _1 . Here 9 t _1 a; is defined 
by df A rj with cZ?7 = u;, and the action of t is defined by the multiplication by /. It 
is known that the t-torsion of H'j coincides with the 9 t _1 -torsion, see e.g. [2]. Let 

Q^P be the saturation of Gf \ i-e. 

^ 0) = E,>o(^ 0) = E,>o(^)^ 0) - 



Set 



g ( f l) = d l t gf, g^^digf. 



Let V denote the filtration of Kashiwara and Malgrange. We have canonical 
isomorphisms 

(1.2.1) H n '\F x , C) A = Gr^Gf for A = exp(-27ria) with a e (0, 1], 

such that the monodromy T corresponds to exp(— 2md t t). Using the (1.2.1), we 
define decreasing nitrations P and P on the Milnor cohomology so that 

P"-i-*/r- 1 (F x ,C) A = G^- i) , 

(1.2.2) _ 4 

F n - 1 - i H n -\F x , C) x = Gr«g ( f l) . 

Note that, if there is a vector field £ such that £/ = /, then 

(1.2.3) G ( f l) = G ( f l \ P = P 

1.3. Remark. In general it is quite difficult to calculate the filtration P even if D 
is an affine cone. In this case we have the decomposition of the Brieskorn module at 
the origin H'j = i6N (-f^/ )O )j by using the degree such that degXi = degdxt = 1. 
Then the action of d t t on (H'J )i is the multiplication by i/d where d = degf, 
and each (Hf )i can be calculated by using only finite dimensional vector spaces. 
However, we have to consider the inductive system {(H'j ) i+ kd}km defined by the 
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multiplication by / to kill the t-torsion, and we get a problem concerning infinite 
dimensional vector spaces. 

The following is a generalization of [23], and is shown in [30]. 

1.4. Theorem. The filtration P on H n ^ 1 (F x , C)\ contains the Hodge filtration F, 
and for any a G Q such that A = exp(— luict), we have the following: 

(i) If Gr p ~H n ~ 1 (F x , C)a 7^ with p = [n — a], then a is a root of bf^ x (—s) . 

(ii) Ifa + i is not a root ofbf ;y (—s) for any y 7^ x and any i 6 N, then the converse 
of the assertion (i) holds. 

(Hi) If A is not an eigenvalue of the Milnor monodromy at y 7^ x, then the mul- 
tiplicity of the root a coincides with the degree of the minimal polynomial of the 
action of the monodromy on Gr p ~H n ~ 1 (F x , C)\. 

1.5. Affine cone case. Assume X = C n , and D is the affine cone of a divisor Z 
of degree d on Y := P n_1 . There is a cyclic covering tt : Y — > Y of degree d which 
is ramified along Z. Put U — Y \ Z, U = 7r _1 ({7). Then U is identified with the 
Milnor fiber Fq of a function / defining the affine cone D of Z, and the geometric 
Milnor monodromy corresponds to a generator of the covering transformation group 
of U -> U. 

For k — 1, . . . , d, let L^ fc// ^ be the direct factor of 7r*C^ on which the action of 
the Milnor monodromy is the multiplication by exp (-2mk/d). Then is a 

local system of rank 1 on U, and 

(1.5.1) H*(U,LW d >)=Hl{F ,C)x, 

where A = exp(— 2nik/d). Let £( fc / d ) be the meromorphic extension of L^ k ^ ®c^u- 
This is a regular holonomic Py-module on which the action of a function h defining 
Z is bijective. We see that is locally isomorphic to a free CV(*Z)-module 

generated by a multivalued function hj k ^ d where hj = x~ d f on {xj 7^ 0} C P n_1 . 
Note that the CV-submodule generated locally by hj k ^ d is isomorphic to Oy(k). 

The pole order filtration PiC^ k ^ is defined to be the locally free CV-submodule 
of generated by hj 1 '^^ on {xj 7^ 0} for % e N, and Pj£^/ d ) = for % < 0. 

Then P i CS k l <£) is isomorphic to Oy(id + k). On the other hand, there is the Hodge 
filtration F on C^'^ such that FiC {k ^ = PiC ik ^ outside SingZ red for any i by the 
theory of mixed Hodge modules. Then we have Fj£^ fc// ^ C PiC^ k ^ on Y because 
p.£(k/d) j g i oca }}y f ree anc j SingZ rc d has codimension > 2 in Y, see also [16]. 

The Hodge and pole order nitrations are closely related respectively to the spec- 
trum [33] and the 6-function of /. Indeed, the Hodge filtration F on induces 
the Hodge filtration on the Milnor cohomology by taking the de Rham cohomol- 
ogy Similarly the pole order filtration P on the Milnor cohomology is defined by 
using the de Rham cohomology. Here the filtration is shifted by the degree of the 
differential forms n — 1, and the associated decreasing filtration is used. 

The following two propositions are proved in [30]. 
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1.6. Proposition. The pole order filtration P in (1.5) coincides with the filtration 
P = P in (1.2.3). Moreover, for a = k/d G (0, 1) and A = exp(— 2nia), we can 
identify P n ~ x ~i for j G N in (1.5) with the image of 

G^ +j gf C Gr£% ~ Gr^ ~ ^(Fq, C) a , 

where the middle isomorphism can be induced by both df and t~i , and the last 
morphism is induced by (1.2.1). 

1.7. Proposition. With the notation of (1.2), assume Gi^_ l+k H n ~ l (F x , C) A 7^ 
/or a positive integer k, where W is the weight filtration. Then N k ^ on ipf ; \Cx 
in the category of shifted perverse sheaves, where N is the logarithm of the unipotent 
part of the monodromy T . 

1.8. Multiplier ideals and spectrum. Let DcXbe the affine cone of a divisor 
Z C P n_1 with a defining equation /. Let Rf >x be the set of the roots of bf ;X (—s), 
and set 

a'f = mm{af tX } with otf tX — mmRf x . 

Let Zo be the ideal sheaf of {0} C X = C n , and 3{X, aD) be the multiplier ideal 
sheaf, see [17], [22]. By [25], [30], we have 

(1.8.1) J(X, aD) = J fc with k = [da] - n + 1, if a < a' f . 

In particular, j/d is a jumping coefficient of D at for n < j < da'f. (This is due 
to [25] in the case of hyperplane arrangements.) 

Let JC/ denote the set of jumping coefficients of the divisor D. We have by [21], 
[17] and [30] respectively 

af = min JC/ = mini?/, 

(1.8.2) JC/n(0,l) cP/n(o,i), 

JC/n(0,a/) =R f n(0,a' f ). 

By (1.8.1) together with [6], [7], the coefficient mk/d of the spectrum Sp(/, 0) in 
the sense of [33] (up to a shift of index) is given by (^Zi) for < k/d < a'f, i.e. 

(1.8.3) dimF"- 1 ^- 1 ^, C) e( - fc /d) = ClD if < k/d < a' f , 
where e(—k/d) = exp(—27rik/d). Here = if A; < n. Since 

^} 1 ®oPoC Wd) ^O pn -i(k-n), 
dimr(P"- 1 ,0 P „- 1 (A;-n)) = { k n Z\), 
and F™- 1 C P n ~\ we get 

(1.8.5) dimP"- 1 ^- 1 ^, C)e ( - fc /d) = { k n Z\) if < k/d < a' f . 
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2. Cohomology of twisted de Rham complexes 

In this section we review and partially generalize the theory of Esnault, Schecht- 
man and Viehweg on Aomoto's conjecture. This enables us to avoid a problem 
concerning infinite dimensional vector spaces mentioned in Remark (1.3). 

2.1. Twisted de Rham complexes. Let D be a central hyperplane arrangement 
in X = C n with a reduced equation / of degree d. Here central means that D is 
the affine cone of a projective hyperplane arrangement Z in Y = P™ -1 . Note 
that the 6-function of a global defining equation of the affine cone D of a divisor 
on P™ _1 is equal to that of a local equation at G D, using the C*-action. Let 
Zi (1 < % < d) be the irreducible components of Z where d = degZ. By [5], [18], 
[31], the cohomology of the local systems on U :— Y \ Z in (1.5) can be calculated 
as follows: 

Let Xi, . . . , x n be coordinates of C n such that Z^ = {x n = 0}. Then the comple- 
ment Y' of Zd in Y is identified with C n_1 . Let gi be a polynomial of degree 1 on 
Y> = C 11 - 1 defining Z[ := Z t D F'. Put 

= dgi/gi for 1 < i < d — 1. 

For a = (ai,... , a d _i) G C^ 1 , let 

/i = Pi---p d _i, h a = s£ l —g2!?, 

and Y 'h a be a free Oy-module of rank 1 on F' with formal generator h a . There 
is a regular singular integrable connection V such that for u G Oy> 

V{uh a ) = (du)h a + uuh a with uj = J2i<d a i u i- 

Let A p h a be the C- vector subspace of T(U, Vt^h 01 ) generated by A • • • A oo ip h a for 
any i\ < • • • < i p . Then ^ a with differential wA is a sub complex of T(U, VL' v h a ). 
Put ad = —^i^cxi- By [5], [18], [31], we have the canonical quasi-isomorphism 

(2.1.1) Ai a ^m%h<*), 

if the following condition holds for any dense edge L of Z: 

(2.1.2) «l:=Ezol«^^\{0}. 

In the case of a constant local system (i.e. «j = 0), this is due to Brieskorn [5], 
and we have 

(2.1.3) dim^ >a = bi(U). 

Under a condition stronger than (2.1.2), the quasi-isomorphism (2.1.1) is shown in 
[18] as a solution of Aomoto's conjecture, and condition (2.1.2) is due to [31]. If 
Z is generic (i.e. if Z is a divisor with normal crossings), then condition (2.1.2) is 
equivalent to ctj ^ N\ {0} for any integer j in [1, d] (because the dense edges consist 
of the Zi in this case), and [18] is sufficient in this case. 

2.2. Partial generalization. In the above argument, we assume J2t=i a i = 0; 
i.e. the CV-module with meromorphic connection is a trivial line bundle. It is 
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easy to satisfy the condition (2.1.2), if we can use a nontrivial line bundle E with 
a meromorphic connection. In this case we have 

J2ti a i = ~ k if E - °Y{k) with k > 0, 
and we may even assume < for any i. 

Let (Y, Z) — > (Y, Z) be an embedded resolution obtained by blowing up along the 
proper transforms of certain edges of Z. Then the pull-back (E, V) of (E, V) is a 
logarithmic connection, and H : >(U,D,[ f h a ) is calculated by the hypercohomology of 
the logarithmic de Rham complex DRi og (E) whose pth component is Q~(logZ) ® a 

E, see [10]. It is not clear if there is a simple formula as in (2.1) in this case. 
However, we can show for each p the following by increasing induction on k and n: 

(2.2.1) H j (Y,Q p ~(\ogZ) ® E) = if j > 0. 

Note that it has nothing to do with the connection. If k = (i.e. if E = Oy), then 

(2.2.1) follows from [5] and the f^-degeneration of the Hodge spectral sequence 
[11], see [18]. If k > 0, take a sufficiently generic hyperplane if of Y, and consider 
the pull-back to Y of the short exact sequence 

-> Oyik - 1) -> D Y (k) -> H (k) -> 0. 

This pull-back is exact, because if intersects each edge of Z transversally. This 
implies also that the pull-back if of if gives an embedded resolution of (if, if HZ), 
and we get an exact sequence 

- N*~ f ~ ® 0£\logZ H ) - ^(logZ) ® G # ^ %(\ogZ H ) ^ 0, 

where — Z C\ H and N*~ ~ is the co normal bundle of if in Y . The latter is 

isomorphic to the pull-back of Oh{— 1) because if is the total transform of if. So 
we can proceed by increasing induction on n, and the assertion is clear if n = 2 
(i.e. if Y = P 1 ) because d > n. 
By (2.2.1) the restriction to C/ induces the canonical quasi-isomorphism 

(2.2.2) r(y, fi~(io g z) ® £) r(f/, fi^ a ). 

3. 6-Functions of hyperplane arrangements 

In this section we first prove the main theorems, and then calculate the nearby 
cycle sheaf in some simple case. 

3.1. Proof of Theorem 1. For the proof of mi = n, note that A • • • AWi n _j 7^ 

for some (ii, . . . , i n -i) by hypothesis. Since this defines a nonzero logarithmic 
(n — l)-form of type (n — 1, n — 1) on any embedded resolution of (Y, Z), we get 

Gr^_ 2 ff- 1 (F ,C) 1 ^0, 

and the assertion follows from (1.7) together with (1.1.3). 

We now prove the assertion on maxffj. We proceed by induction on n. We may 
assume that D does not come from an arrangement in a lower dimensional vector 
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space, and the assertion holds for the roots of &/>(— s) at any x G D \ {0}, taking 
a transversal space to each edge. Then by (1.4), it is enough to show 



where e(—k/d) = exp(—2nik/d). So the assertion for k = d follows from the above 
argument. For each k G [l,d — 1], we apply the argument in (2.2) to the case 
a, = — fc/d for any 1 < % < d so that E = Oy{k). Then (2.2.2) implies that 

H n ~\U,%h k ' d ) (= fP-^Fcqec-fc/d)) 

is generated by 

T(Y,n n f\\ogZ) ® E), 

which is identified with a subspace T(Y, Vt^T 1 ®o E(*Z)). But this subspace is 
contained in T(Y, Vty" 1 ®o PiC^I^) looking at the pole along the generic point of 
the proper transform of each irreducible component of Z. So the assertion follows 
if k G [l,d- 2]. 

For k — d — 1, let on — 1/d if k G [2,d], and a± — 1/d— 1 so that X^=i a i = 0- 
Then (2.1.2) is satisfied (because \mi\ < d), and (2.1.1) holds. Let V be the 
subspace of generated by A • • • A cj in _ 1 /?, a for {ix, . . . , C {2, . . . , cTf. 

Then we see that 

A n C = dA V + v. 

and V is a subspace of T(Y, Vty' 1 ®o PoC^ k ^). So the assertion follows in this case. 
This completes the proof of Theorem 1. 

3.2. Nearby cycles in the normal crossing case. Let / be a holomorphic 
function on a complex manifold X such that D := / _1 (0) is a divisor with normal 
crossings. Let rrii be the multiplicity of / along each irreducible component Di of 
D. Let A G C* of finite order N > 1 (i.e. X N = 1). Then for a general point x of 
Di := Di, it is well known that H j (F x ,C)\ ^ if and only if iV divides rrii 
for any i G /, see [32]. 

For A G C, let /(A) = {i | A™ 1 = 1}. Let W be the weight filtration on i/> ft xC x , 
which coincides with the monodromy filtration with center n — 1, i.e. 

(3.2.1) N* : Grf_ 1+ .^C X ^ Gr^.^C* for i > 0, 

where iV = logT u with T u the unipotent part of the monodromy T. (This holds 
without assuming the normal crossing condition.) Let m x be the smallest positive 
integer such that N mx = on the restriction of i/jf,\C x to a sufficiently small 
neighborhood of x. Then 

(3.2.2) m x — #{i G I(X) \ x G A}, 

This follows from the construction of the weight filtration in [32] (see also [28], 3.3). 

3.3. Proof of Theorem 2. We have an embedded resolution (X, D) of (X, D) 
by blowing up along the proper transforms of the dense edges of D by increasing 
induction on the dimension of the edge as in [31] (choosing an order of the edges 
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of the same dimension if necessary although the resolution does not depend on the 
order). Let Dl be the proper transform of the exceptional divisor associated to 
the blowing-up along the proper transform of L. Here Dl is the proper transform 
of L if L is an irreducible component of D. Since the multiplicity of the pull-back 
/ of / along D L is m L , the assertion follows from (3.2) and (1.1.3). 

The following will be used in explicit calculations of 6-functions. 

3.4. Eigenvalues of the monodromy supported on the origin. It is known 
that the Euler characteristic of U := P n_1 \ Z vanishes if and only if D is decom- 
posable (i.e. there is a decomposition C n = C n ' x C n " such that D is the union of 
the pull-backs of arrangements on C n ' and C n "), see e.g. [31]. This implies that, if 
the support of ipf t \Cx is contained in {0}, then 

(3.4.1) H n -\F , C) x = D is decomposable. 

Here A = exp(—2irik/d) for some integer k in [l,d — 1], and ipf t \<Cx is identified 
with if n_1 (F , C)a where W(Fq, C)\ = for j ^ n — 1 because Vv.aQy is a shifted 
perverse sheaf supported on a point, see also [8]. So (3.4.1) follows from the fact 
that the H j (F ,C)\ are calculated by the cohomology of a local system of 
rank 1 on U by (1.5) so that 

(3.4.2) £,-(-!)' dim/F(F , C) A = X (U, = X (U). 

3.5. Nearby cycle sheaf in a simple case. Let D nnc be the smallest closed 
subset of D such that D is a divisor with normal crossings outside D nnc . Assume 

dimD nnc = 1. 

In this case, it is relatively easy to calculate the nearby cycle sheaf ipf^Cx- The 
embedded resolution n : (X,D) — > (X, D) is obtained by blowing up X first 
along the origin, and then along the proper transforms Dj nnc of the irreducible 
components _DJ mc (j e J) of F> nnc . Let EJ nc be the inverse image of Dj nnc in X. 

Let E C X be the proper transform of the exceptional divisor E of the blowing-up 
along the origin. This is the blow-up of E = P n_1 along the intersection points Pj of 
£)/nnc w j^] 1 £; L e ^ denote the inverse image of Pj in E. This is the intersection 
of E with Ej 11 ^. Let D' C 5 be the proper transform of £>, and Z = E n 5'. Then 
IJ ■ -EJ U Z is a divisor with norma crossings on E. 

Let A G C \ {1} such that \ d = 1 where d = deg /. Let rrij be the multiplicity of 
D along D° nc , and J(A) = {j e J \ X m ^ = 1}. Set 

7?/ II Trinnc p// | | 7?// 

A - U iG J(A)^j > A - UjeJ(X) h j > 
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with the inclusions j Ux :U X ^E, ju' x : U' x -> E' x , j Vx ■ V x -> E'{. Let / = 7r/, and 
W be the weight filtration on ipj X C^, ipf t \Cx as in (3.2.1). Then 

((j Vx )^ Vx (-l)[-l] if i = l, 
Gr^+^C* = ^ (jVji^ © (M)i^ if < = 0, 
lOVji^J-l] if t = -l, 

and it vanishes otherwise, where L^, , Ly A are local systems of rank 1 on 
U\, U' X ,V\, and L Vx is naturally isomorphic to the restrictions of L^ x , L^, . Note 

that the restriction of L^ x to E \ {[jjeJ^j u ^) is isomorphic to in (1.5) 

where A = exp(—2nik/d). Similarly L Vx is isomorphic to L^l^ in (1.5) applied to 
a transversal space to _D° nc . This implies 

(3.5.1) H\E'l (jvJi.LyJ = 0, W^tiu^L*, =0 for j ^ n - 2. 

We have the weight spectral sequence associated with the direct image and defined 
in the category of perverse sheaves on D : 

E^- 1 = p &K*GTZ. 1 -iM>f tX C3 t [n - 1]) =► mH^j^n - 1]), 

which degenerates at E 2 (see [28]). Here fRPir* = p WHn^ with W the perverse 
cohomology functor. We have 

and hence E % 2~ % = unless j = 0. Combined with (3.5.1), this implies 
EY~ l = unless % = 0, \j\ < 1 or |z| = 1, j = 0, 

So we get 

H>(E,(j Ux ),L x Ux )=0 for |j-n + l|>l, 

and 

(3.5.2) dim(GrJ^ />A C*)o = dimtf- 2 (£ A ', (jVji^J - dim^- 2 (E, (jVji^J- 

Since is a local system of rank 1 whose monodromy around [j^j^E" U Z 
is nontrivial, we have 

(j Ux ),L x Ux =R(j Ux )*L x Ux . 

Let j\ : E \ E" — > denote the inclusion morphism. Then we have the weight 
spectral sequence (degenerating at E 2 ) 

(3.5.3) E?-* = Hl(E,GiZ.^B.Ux)*j?(ju x )iLb x ) =► H^(F ,C) X , 
because # j (F , C) A = # j (£ \ {U jeJ E'J UZ),L^). Here we have 

Gr n _ 1+l R0,)^ (^)^)-{ 0yj!L ,J ( _ 1)[ _ 1] a i = 1> 
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and it vanishes otherwise. So this spectral sequence is quite similar to the above 
one. Here we have 

E^'* = unless i = 0, \j - n + 1| < 1 or = (-l,ra- 1), 
d\ : E l {*~ 1 — > vanishes unless = (— l,n — 1). 

So we get 

5 ^ 2 (^ OVJi^J = H n - 2 (F , C) A . 

(jVx).^J = E jeJ (A)^ n " 2 (^.C)A, 

where Xj is a general point of /}" nc . (The latter follows from the above construction 
of Ly .) Combining these with (3.5.2), we see that iV ^ on ipf^Cx if and only if 

(3.5.5) dimH n ~ 2 (F ,£)x < £ JGJ(A) dimtf"- 2 (F x ., C) A . 

Note that the self-duality of the Ei-term of the weight spectral sequence implies 

(3.5.6) dimH n - 2 (F ,C)x = dunH n (E, (jt/J-^J, 
and condition (3.5.5) is equivalent to 

GT^H n -\F ,C)x^0. 

This also from the weight spectral sequence associated to i^tpf^Cx, W). 

It is rather difficult to construct examples such that dim H n ~ 2 (F , C)\ ^ with 
A ^ 1, and this number is quite small compared to the right-hand side of the 
inequality as far as calculated, see [1], [9], [13] and also Example (4.12) (i) and (hi) 
below. 

If condition (3.5.5) is satisfied for A = exp(— 2nia) with a G (1, 2) and a— I ^ Rf, 
then m a = 2 by (1.1.1). In general, however, condition (3.5.5) is not sufficient to 
determine the multiplicity, and we need further arguments. 

3.6. Remark. It may be conjectured that condition (3.5.5) is satisfied whenever 
J(A) 7^ 0. This is closely related to the following question of M. Tomari: Does 
(0.3) hold only for generic central hyperplane arrangements? 



4. Explicit calculations of 6-functions 

4.1. Let D be a central hyperplane arrangement in X = C ra , which is the affine 
cone of a projective hyperplane arrangement Z in Y = P n_1 . Assume D is inde- 
composable so that x(U) 7^ 0, where U = P n_1 \ Z, see (3.4). Let Rf be the set of 
the roots of bf(—s), and R'j- be the union of the roots of bf ;X (—s) for x G D \ {0}. 
Put a'j = minify. For an integer k in let e(—k/d) = exp(—27rik/d). Note 

that (1.5.1) implies 

(4.1.1) dim^- 1 (F ,C) e( _ fc/(i) = |x(f/)| if \iR) + TL. 

Indeed, the last condition implies that the perverse sheaf ^/, e (-fc/(i)Cx[n — 1] is 
supported on {0} so that we have a canonical isomorphism 

(4.1.2) iP fM _ k/d) C x [n - 1] = H n -\F ,C)e{-kid), 
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and H 3 (F , C) e ^ k /d) = for j ^ n - 1. 

In the case | G [qJ, 1), we assume in the notation of (2.1) that there is a subset 
/ of {1, . . . , d — 1} such that | J| = k — 1 and condition (2.1.2) is satisfied for 



(4.1.3) a, 



if ie/u {4, 

if iG/ c :={!,..., d-l}\J. 



Let V(/) / be the vector subspace of A\^ generated by 

u h A • • • A Ui n _Ji a for {i ly . . . ,i n _ ± } C I, 

and V(J) be the image of V(I)' in H n ~ l A' ha , where a = (ai). 

We can determine whether | and | + 1 belong to Rf in certain cases. 

4.2. Theorem. Wzt/i t/je a&oi>e notation and assumption, we have the following: 

(a) For k = d — 1 or rf, we have 1 — |, 1 G Rf and 2 — |, 2 ^ 

(b) // 1 < c/p we /icwe ^ e Rf if and only if k > n. 

(c) // < dimiJ n - 1 (F ,C) e( _ fc/(i); t/ien f + 1 G 

(d) // f < jj g i$ + Z, and = tten * + 1 £ 

(e) //V(J) ^ 0, £/ien J G 

(f) // V(I) = H^A' Ka , then k. + l<£Rf\Rf. 

(g) IfV(I) ? H n ~ x A' ha and dimV(I)> = (£), ^en J + 1 G it!/. 



Proof. The assertions (a)-(d) follow from Theorem 1 together with (1.8) and 
(3.4). For the remaining assertions, note that V(I) is identified with a subspace of 
P n - 1 iJ"- 1 (Fo,C)e(-jfc/d) by (1.6) and (2.1.1). Then the assertions follow from (1.4) 
and (1.8.4) because V(I)' is identified with a subspace of r(Y, ® P C {k/d) ). 
(Note that he last hypothesis of (g) is satisfied if the arrangement is rather simple, 
see (4.8) below.) This completes the proof of Theorem (4.2). 

4.3. Calculation in the generic case. In the case of generic central hyperplane 
arrangements, we have a'f — 1, R'f — {1}. So Walther's formula (0.3) follows from 

Theorems 1-2 together with (b), (c), (d) in (4.2) because \x(U)\ = (^) in this 
case (see [9], [27]). 

4.4. Calculation in the nongeneric case. With the notation of (4.1), assume 
n = 3 and mult z Z < 3 for any z G Z. Then we can calculate the 6-function using 
Theorem (4.2) if its hypotheses can be verified by using lemmas as below. 

We first note that if gi,gj,gi have a common zero in the notation of (2.1), then 

(4.4.1) Ui A ujj + Uj A uj\ + uji A uJi = 0. 

By Lemma (4.6) below, these are the only relations between the Ui Auj. Note that 
uji A Uj = if Z[ n Z] = (i.e. if Z' t , Z] C C 2 are parallel). 

Let to' = ctiOJi + ctjUOj + ctiuoi with ctj, aij, ai G C*. Then (4.4.1) implies 

(4.4.2) CuJi A d ± Cuj A d ai + aj + a x ^ 0. 



14 



MORIHIKO SAITO 



Moreover, if ctj + otj + ol\ 7^ 0, then (4.4.2) implies for i] = faoJi + faiOj + fauJi with 

(4.4.3) rjAco' — 0<^r] — 70/ for some 7 G C. 

Indeed, setting iq\ — uji A u/, we have two relations a:^ + a:.^ + ohuj[ = and 
fatal + Pjiv'j + fauj[ = 0, and they must coincide up to a constant multiple because 
u'^Upul span a subspace of dimension 2 by (4.4.2). 

To examine the assumption of (e) in (4.2), we need some terminology. Let I be 
as in (4.1). We assume n = 3 and mult 2 Z < 3 as above. Put Z'(J) = {J ieJ Z[ for 
J C I. We say that £ I are strongly I c '-connected if Z'(I C ) D Z[ n Z ? ', 7^ 0. We 
say that i,i f £ I are I c -connected if there are i Q , . . . ,i r such that «o — i, i r — i', 
and are strongly /"-connected for any / G [l,r]. We say that /' C 7 is an 

I c -connected component if any i,i' & I are 7 c -connected and i 7 is a maximal subset 
of J satisfying this property. We say that I' C 7 is a good (resp. bad) I c -connected 
component if I' is an 7 c -connected component of 7 and Z'(I') D Z'(7 C ) does not 
contain a smooth point (resp. contains at least two smooth points) of Z'(I'). Note 
that Z[ fl Zj may be nonempty even if i and j belong to different 7 c -connected 
components of 7. 

4.5. Lemma. Assume n = 3. Let 7 6e as in (4.1) so t/iat (2.1.2) is satisfied for 
(4.1.3). Assume a, + a.,- + a:; 7^ i/ Z 4 - fl Zj C Z[ u;i£/i i, j G 7 C and / G 7. Let c 6e 
the number of good I c -connected components of I in the above notation. Then 

(4.5.1) dimoM^ n V(I)' < c, i.e. dimV(I) > dimV(I)' - c. 

Moreover, the equality holds ifH 1 (F , C) e (-fc/<i) = and if cti + aj+ai 7^ whenever 
Z[ D Z[ fl Zj 7^ / G 7 C and i,j belonging to the same good I c -connected 
component of I . 

Proof. Let i]h a = ^2 i<d fawih a e ^kai an d assume 

(4.5.2) d( V h a ) := co A 77/1° = £ij7i<^ A Ccy a G V(I)', 

where 7^ = — G C. If Z[ fl Zj is a double point of Z' and {i,j} is not 
contained in 7, then (4.5.2) implies 

(4.5.3) a.i(3j — aijPi = 0. 

By (4.4.3) and the assumption, this also holds if Z[ D Z- n Z- 7^ with i, j G 7 C 
and I £ I. So we may assume fa = for i 6 7 C , replacing 77 with r] — ^uj for some 
7 G C. Moreover, 77 is uniquely determined by d(rjh a ) in case J7 1 (F , C) e (_fc/d) = 0. 

Let I' be an 7 c -connected component of 7. If Z\ D Z[ fl Zj 7^ with i, j G 7' and 
/ G 7 C , then, considering modulo CuJi A u^/i", (4.4.1) and (4.5.2) imply 

on fa + aifa = 0, i.e. /3j + fa = 0, 

since fa = 0. Moreover, 7^ 7^ by (4.4.2) if furthermore a, L + aj + cfy 7^ 0. 

In particular, the /3j (i G 7') are uniquely determined by fa for any i G 7'. 
Moreover, (4.5.3) implies that fa = for % G 7' if 7' is not a good 7 c -connected 
component. So the assertion follows. 
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4.6. Lemma. Assume n = 3. Then, with the notation of (4.1) 

b (U) = l, b l (U) = d-l, b 2 (U) = Z z ez\z d (^z, z -l), 

where m ZtZ is the the number of the components Z; L containing z. 

Proof. Since dim .4^ = bi(U) (see (2.1.3)), the assertion holds for % ^ 2. So it is 
enough to calculate x(U)- Since 

X(U)= X (Y')- X (Z'), 

(where Z' :— Y' D Z) and x(X) = 1, it is enough to show 

X(Z') = al-l- J2 ze z\z d ( m z,z ~ 1). 

But this is easily verified by using the exact sequence 

- Qz>^ ® i<d ®z> - Qzez,®™ 2 -*- 1 - 0, 

since x{Z'i) = 1- This completes the proof of Lemma (4.6). 

4.7. Lemma. With the notation and the assumptions of (4.1) and (4.4), assume 
d — k = 2, there is no bad l c -connected component of I, and a,i + aij + ay ^ in 
case Z[ n Z'j n Z' y ^ for some i e I, where {j,f} = I c . Then H 2 A' ha = V(I), 
i.e. the hypothesis of (f) is satisfied. 

Proof. We have to show 

(4.7.1) Al a = dA\ a mod V(I)'. 
We first show for i E I and j G I c 

(4.7.2) u)j A Uih a e dA\ a mod V(I)', 

We say that % is an end element of an J c -connected component V of J, if there 
is at most one i' G I' which is strongly J c -connected with %. Each J c -connected 
component V of I contains two end elements if |/'| > 1. Except for the case im- 
passes through the singular point of Z'(I C ), one of the end elements i corresponds 
to Z[ which is parallel to Zy for some j' G I c , because there is no bad J c -connected 
component of /. In this case ooy AtUi = 0, and the assertion for j £ I c \ {j'} follows 
from 

(4.7.3) d(ujih a ) = (otjUJj + ayUy) A Uih a mod V(I)' for i G /. 

Since I' is linearly J c -connected (because \I C \ = 2), we can show (4.7.2) inductively 
for % G V using (4.7.3). Now we have to show (4.7.2) in the case |/'| = 1 and 
Z\ n Z\ n Z' r ^ where {j,f} = I c . In this case (4.7.2) follows from (4.4.2) by 
calculating d(ujh a ), d(uj'h a ) and using (4.7.2) in the above case. 

Finally it remains to show (4.7.2) with % replaced by j'. The assertion is already 
shown by the above argument if Z[ n Z'- fl Z'-, ^ 0. So we may assume that Z'- n Z'-, 
is a double point of Z' . Then we have ujj A uoyh a G dA\ a + V(I)' by a similar 
argument. This completes the proof of (4.7). 
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4.8. Lemma. With the notation o/(4.1), let Z(I) = \J ie i Z i C Y = P n_1 , w/jere / 
«5 as in (4.1.3) so that \I\ — k — 1. Assume k > n and Z(I) fl Zj is a divisor with 
normal crossings on P n_1 . Then the last hypothesis o/(g) is satisfied, i.e. 

(4.8.1) dim V (/)'=£:;)• 

Proof. The assumption implies that o;^ A • • • A 0Oi n _ l ^ if ij 7^ i^/ for j 7^ j'. 
So we get (4.8.1) by showing the following assertion by increasing induction on 
\I\ > n (where it is enough to assume that Z(I) is a divisor with normal crossings 
on P™- 1 ): 

(A) The Pp := Ylier g% for I' C I with \I'\ — \I\ — n + 1 generate the vector space 
of polynomials of degree |J|— n + linn — 1 variables. 

Indeed, for each i E I, the inductive hypothesis implies that the Pp for I' C I \ {i} 
with 1 I'\ = \I\ — n generate the vector space of polynomials of degree < |/| — n in 
n — 1 variables, and the assertion is clear if |J| = n. This completes the proof of 
Lemma (4.8). 

(In the case n = 3, the converse of (4.8) holds by (4.4.1).) 

4.9. Lemma. With the notation of (3.5), assume dimD nnc = 1, kjd G R'^f] (0, 1), 
and 

(4.9.1) dimF"" 2 iJ"- 2 (Fo,C) A < £- 6J(A) Aim F n ~ 2 H n -\F Xj , C) A , 
where A = exp(— 2nik/d). Then m k / d = 2. 

Proof. It is enough to show the nonvanishing of the canonical morphism 

(4.9.2) Giy d M -> Gr^Grf/^/, 

where VF is the monodromy filtration with center n — 1 which is associated to 
N = -{d t t - k/d) as in (3.2.1). We have Grf Gr^B/ = for |z - n + 1| > 1 
by (3.5). Using the functor iJ^DR-x where i^ : {0} — > X is the inclusion, the 
assertion is reduced to the nonvanishing of the canonical morphism 

(4.9.3) F n ~ 1 H n ~ 1 (F , C) A - Gr^ ' H n ~\F,, C) A , 

since tf^DRxGr^S/ = H^H^^Cx = H n -\F , C) A . Here on H n ~\F , C) 
is the weight filtration of the canonical mixed Hodge structure, and is induced by 
W on ipfCx in (3.2.1). In particular, (4.9.3) is equivalent to 

F n " 1 Gr^i7^ 1 (Fo,C) A ^0. 

The weight spectral sequence (3.5.3) (e.g. the differential d\ : E^ 1,n — > E® ,n ) and 
the isomorphisms in (3.5.4) are compatible with the mixed Hodge structure. So 
the assertion follows from condition (4.9.1). 

4.10. Case n = 3 with multiplicities < 3. In the nongeneric case, we have to 
use the calculations in (2.1) and (3.5) together with the above lemmas to determine 
the roots a of bf(—s) and their multiplicities for a > a'^. For the moment we can 
calculate the 6-function by this method only in relatively simple cases. 
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Assume n = 3 and the multiplicity of Z C P 2 at each singular point is at most 
3, but Z is not a divisor with normal crossings on P 2 . Let z/j, i/ be the number of 
i-ple points of Z and Z' := Z \ Z d respectively. Then 

R' f = {§, 1, |}, ^ = |, i/ 3 ^ 0, Ui = i/ t = for 2 > 3. 

By (4.6) we have 

(4.10.1) &o(f/) = 1, b 1 (U) = d-l, b 2 (U)=u' 2 + 2u' 3 , 
and moreover 

(4.10.2) ^=<^-* 

This can be reduced to the case i/ 3 = ([9], [27]) by slightly deforming Z and 
calculating the difference between the Euler numbers of {xy(x + y) = 0} and 
{xy(x + y - 1) = 0}. 

By Theorem 2, there exists J C {3, . . . , 2d — 2} such that 

4 

(4.10.3) &;(*) = ( 8 + 1) n ( s + 1) ■ n ( a + j ~) . 

Here m 2 /3 and m 4 / 3 are at most 2 by (3.5). Moreover, these are both 2 as long 
as condition (3.5.5) for A = e(— 2/3) is satisfied. Indeed, for a = 4/3, we have 
m 4 / 3 = 2 by (1.1.1) and Theorem 1. For a = 2/3, the assertion follows from 
(4.9), because F 1 H 1 (F Xj , C) e (- 2 /3) = H 1 ^, C) e (- 2 /3) in this case so that (4.9.1) 
is reduced to (3.5.5). 

Note that if 1 (F , C) e (_ 2 /3) is very small in many cases. We have 

(4.10.4) dim if 1 (F , C) e( -2/3) < 1 for < 8, 

and Example (4.12)(i) is the only example such that dimif 1 (F , C) e (_ 2 /3) ^ with 
d < 8, see [1], [9], [13] and Example (4.12)(iii) below. Note that H\F Q , C) e (- 2 / 3 ) = 
unless d is divisible by 3, see (4.1.2). 

As far as calculated, J is of the form {3, . . . , r}. It would be interesting whether 
this always holds. Note that the corresponding assertion does not hold for jumping 
coefficients, see Example (4.12) (ii) below. 

4.11. Theorem. With the above notation and assumptions, assume d < 7. Then 
(4.10.3) holds with J = {3, . . . , r} and r = 2d - 2 or 2d - 3. We have r = 2d-2ij 

(4.11.1) r = 2d -2 if is 3 < d - 3, 

and the converse holds for d < 6. In the case d = 7, we have r = 2d — 3 if i/3 > 4, 
however, r can be both 2d — 3 and 2d — 2 if u 3 = 4. 

Proof. Note first that z/ 3 < d — 3 if and only if 

X (U) = - z/3 > = (V). 

For fc/d ^ Z, we have H°(F , C) e (-jfc/d) = 0, and hence by (1.5.1) 

(4.11.2) dim# 2 (F ,C) eHcM > X (U), 
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where the equality holds if H l (F , C) e (-k/d) = 0, e.g. if d is nondivisible by 3. 

In the case k < d — 2, we have k/d < a'j — 2/3 (using d < 7), and the assertion 
follows from (a) and (b) in (4.2). So we may assume k = d — 2. 

In the case v 3 < d — 3, we have 2 — | G i?/ by (4.2) (c). In this case we have 
1 — | G i?/ by (4.5) and (4.8) where we can take I c whose corresponding divisor 
contains all the triple points of Z. So we may assume v 3 > d — 3. 

By classification we have 

v 3 = 1 if d = 4, ia, < 2 if d = 5, v 3 < 4 if d = 6, i/ 3 < 6 if d = 7. 

If d < 5, we have k/d < a'j = 2/3 for k < d — 2, and the assertion follows from 
(4.2). Here r = 2d - 3 if d = 5 and z/ 3 = 2. 

If d = 6, then the equality holds in (4.11.2) unless z/ 3 = 4 (see Example (i) 
below). We can choose I c = {j,j'} so that Zj U Zy contains all the triple points 
of Z, and Zj n Zj/ is a double point of Z. Then these assumptions imply that 
condition (2.1.2) is satisfied for (4.1.3). Moreover, the assumption of Lemma (4.7) 
is satisfied in case v 3 = 3 or 4. So the assertion follows from (4.2), (4.5) and (4.7). 

In the case d = 7, the equivalent conditions of (4.4.2) is always satisfied. For 
v 3 — 6, there is only one projective isomorphism class as in Example (ii) below, 
and the assertion follows from (4.2), (4.5) and (4.7). For z/ 3 = 5, there are two 
1-parameter families (up to projective isomorphisms) whose afline equations are 

h = xy(x — l)(y — l)(x + y — l)(y — Xx) (A G C generic), 

h = xy[x — l)(y — l)(Xx — y)((X — l)x — (y — 1)) (A G C generic). 

This can be shown by counting the number of projective lines in Z containing three 
triple points of Z. We can take I c corresponding to {xy = 0}. Then the assertion 
follows from (4.2), (4.5) and (4.7). 

If u 3 = 4, there are three 2-parameter families (up to projective isomorphisms) 
whose afline equations are 



h 


= xy[x — 




l)(Xx - y)(»x - (y - 1)) 


(A, ii G C generic), 


h 


= xy(x — 




l)(Ax-(y-l))((x-l)- 


jiy) (A, ji G C generic), 


h 


= xy(x — 


i)(y- 


l)(x + y-l)(Xx-y + n) 


(A, /j, G C generic). 



This can be shown by counting the number of projective lines in Z containing three 
triple points of Z and looking at the lines in Z passing through two triple points 
of Z. We can take I c corresponding to {xy = 0}. Then the assertion follows from 
(4.2), (4.5), (4.7) and (4.8). Here c = 1 in (4.5) and 12/7 G R f for the last family, 
but c = and 12/7 ^ Rf otherwise. This completes the proof of (4.11). 

4.12. Examples, (i) In the notation of (2.1), let n — 3, d — 6, and 

h = (x 2 -l)(y 2 -l)(x + y). 

This is the simplest example such that H n ~ 2 (F ,C)\ ^ with A ^ 1 (where 
dimif 1 (F , C) e (±i/ 3 ) = 1). In this case we have v 3 = 4 and x(U) = 2. For k — 4, 
we take I c corresponding to (x + l)(y + 1) = in the notation of (4.2). 
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(ii) In the notation of (2.1), let n = 3, d = 7, and 

h = {x 2 -l){y 2 -l){x 2 -y 2 ). 

This is the only example with d = 7 and u 3 = 6 up to a projective equivalence. In 
this case (4.10.3) holds with J = {3, . . . , 11} and r = 11 = 2d — 3. In particular, 
5/7 is a root of bf(—s), although it is not a jumping coefficient, see [30]. Here we 
have ^3 = 4 and x{U) = 4. For k = 5, I c is as in Example (i). 

(iii) In the notation of (2.1), let n — 3, d — 9, and 

h = xy(y + 2)(x — y)(x — y + l)(x + y — l)(x + y + 2)(x — 2y — 1). 

This is the second simplest example with dimif 1 (F , C) e (±i/3) = 1, see [1], [9], [13]. 
In this case (4.10.3) holds with J = {3, . . . , r} where r is 15 or 16. For k = 6, (4.8.1) 
holds but (4.7.1) does not, where I c corresponds to {y(x — y + l)(x + y + 2) = 0}. 
We have b x {U) = 8, dimV(I)' = 10, X (U) = 12, and hence ^ V{I) ^ H 2 A' h a . So 
we get 6/9, 15/9 G Rf. However, for k = 7, it is rather complicated to determine 
whether 16/9 G Rf. 

4.13. Remark. The problem in Theorem (4.2) is that the relation between 

A n h ~ l and r(F,fi™- 1 ®o P £ (k/d) ) 

may be rather complicated (both are subspaces of T(Y, fiy^ 1 ®o £^ fe// ^)). If both 
(4.7.1) and (4.8.1) do not hold, we would have to enlarge the complex A' h a as in 
(2.2). But it is very complicated to calculate this complex explicitly. 
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